Introduction
Hyperbolic metamaterials (HMMs) have attracted an intense scientific interest during the recent years for several reasons. First and foremost, the material properties of such metamaterials, namely, an indefinite form of their effective permittivity tensor (such that, e.g., ε x = ε y < 0 and ε z > 0 [1] ) give rise to an unusual hyperbolic dispersion relation, ω 2 /c 2 = (k 2
x + k 2 y )/ε z + k 2 z /ε x,y [ Fig. 1(a) ]. Such a dispersion relation is associated with an anomalous increase of the photonic density of states (PDOS), strongly affecting many physical phenomena that rely on it: spontaneous emission [2] [3] [4] , blackbody radiation [5, 6] , and Casimir forces [7] . More practical applications of HMMs include superresolution [8, 9] , far-field subwavelength imaging or "hyperlensing" [10, 11] , and high broadband absorbance [12] impervious to the detrimental effects of surface roughness [13] . Still other intriguing applications rely on similarities between optical dispersion relations and cosmological equations to use HMMs for tabletop optical simulation of space-time phenomena [14, 15] . New aspects of HMM research are being uncovered (see [16, 17] and references therein).
The other important reason of the interest in HMMs is that unlike many other types of metamaterials, HMMs do not require resonant "building blocks" and can therefore be practically realized using rather simple geometries. Metal-dielectric composites as simple as subwavelength multilayers [3, 4] and nanorod arrays [2, 18] have been shown to possess salient properties of HMMs in a broad frequency range. In a series of recent experiments, it was shown that placing such metal-dielectric HMMs close to luminescent centers enhance their decay rate more strongly than what is achievable using metal or dielectric alone [2, 3] . However, even though these experimental results were well explained by the theory of dipole radiation in an HMM environment [19] [20] [21] [22] , it has proven rather difficult to distinguish whether the emission rate increase can be attributed to the increase of the radiative decay rate (i.e., the Purcell effect) or just quenching of luminescence (as happens with an emitter near a metallic surface, see [23] ). Only in the recent work by Kim et al. [24] direct evidence of the radiative rate increase was reported.
Despite the fact that the underlying geometry of an HMM can be as simple as a metaldielectric multilayer [ Fig. 1(b) ], it has proven quite challenging to fabricate an HMM with reliable characteristics. The reason is that the thicknesses of the layers involved must be subwavelength not only with respect to the vacuum wavelength of the incident light, but also with respect to large-wavevector bulk plasmonic waves that exist inside HMMs and substantiate the anomalously large PDOS in them [25] . Continuous metal films of such small thickness (on the order of a few nanometers) are difficult to fabricate using state of the art growing facilities. Depositing luminescent centers on the surface of a HMM can also be challenging and may additionally be affected by plasmonic effects in the outermost HMM layer [22] .
Here, we would like to point out another and perhaps an easier possibility to obtain a characterizable structure with HMM properties. It has been known for quite a while that layer-by-layer assembly of plasmonic nanoparticle (NP) monolayers can be realized by separating the monolayers by polyelectrolyte (PDDA) layers [26] [27] [28] . In a densely packed monolayer of such NPs, localized plasmon resonances in each nanoparticle would couple to support "spoof" surface plasmonic waves [29, 30] , so the monolayer may be regarded as a corrugated metallic layer. Using a similar technology, semiconductor nanocrystals (NCs), which are luminescent quantum dots, can be likewise assembled into monolayers, able to function as both dielectric and emitting layers. Alternating NP and NC monolayers is thus likely to result in HMM behavior.
Indeed, a recent experimental paper by T. Ozel et al. [31] reported that the luminescence from NCs was increased by a factor of 4 when placed into such a multilayer arrangement. Interestingly, the enhancement was only seen when the NC and NP layers were separated by thin dielectric spacer layers [ Fig. 1(c) ]. Even though an explanation based on the increased plasmon-exciton coupling between NCs and NPs was given and confirmed by time-domain numerical simulations, the role of the dielectric spacer layers was not very well understood.
In this paper, we revisit these previous experimental results and show that the measured enhancement of NC emission rate can be attributed to the multilayer structure exhibiting metallic properties without the spacer layers and HMM properties when such layers are added.It is confirmed that significant enhancement and a pronounced anisotropic character of the radiative decay of emitting NCs when adding the spacer layer can be related to the indefinite character of the effective permittivity tensor characteristic for HMMs. Dependencies of the radiative rate enhancement due to the presence of the spacer layer on its thickness, as well as other geometrical parameters of the structure, are calculated. It is also shown that making the NP-containing layers thinner, for example by reducing the number of NP monolayers, will likely result in the enhancement of all HMM-related properties of the nanocomposite, including the photoluminescence enhancement.
The paper is organized as follows. In Section 2, we briefly review the theoretical background on multilayer HMMs and calculate the effective permittivity tensor of the NC-spacer-NP multilayer composites. Section 3 follows with the estimation of the emission rate of a finite-sized emitter in a multilayer HMM, and the associated luminescence enhancement. Comparison against previous experimental results [31] is made, and guidelines towards optimizing the emission enhancement are given. Finally, in Section 4 we summarize the paper.
Nanocrystal/nanoparticle composites as multilayer hyperbolic metamaterials
We begin by considering an infinitely periodic system shown in Fig. 1 (c) where a number (m p ) of monolayers of gold NPs with diameter d p = 15 nm alternate with a number (m q ) of monolayers of semiconductor (CdTe) NC quantum dots with diameter d q = 5.5 nm, separated by dielectric spacers with varied thickness d s . The dielectric constants of gold, CdTe, and the spacer material are denoted by ε p , ε q , and ε s , respectively.
We will follow the standard multilayer homogenization procedure [32] where the effective permittivity components of a subwavelength multilayer are determined by the relations 
The averaged permittivityε q of a dielectric NC monolayer can be estimated from the Bruggeman formula (see [32] ):
The plasmonic NP monolayer can be assumed to be above the percolation threshold to have conductive coupling between the NPs, so that the entire monolayer can be treated using the Drude model with the diluted metal assumption, with the resulting averaged permittivitȳ
where ω p and γ are the standard Drude plasma and collision frequency for the metal. The factors f p,q are volume filling fractions of the particle material (metal for NPs and semiconductor for NCs) within each monolayer; for the triangular lattice, f q,p = π 2 /(8 √ 3). Finally, the permittivity of the PDDA/PSS spacer layers is ε s = 2.4 [33] .
For m p = m q = 3 and the materials used in [31], the resulting permittivity tensor components are shown in Fig. 2 . It can be seen at once that the parallel component ε x,y varies slowly and remains negative, whereas the real part of the perpendicular component ε z changes sign at Re ε −1 z = 0, which happens at d s between 1 and 5 nm, depending on the wavelength. Therefore, the functionality of the entire material crucially depends on the spacer. Without it (d s = 0), the material is effectively a strongly anisotropic metal with |ε z | ≫ |ε x,y | and ε z < ε x,y < 0. As any metal, such a material would quench the luminescence from the NCs compared to the case when NPs are absent. Conversely, adding the spacer results in |ε z | ≫ |ε x,y | but ε x,y < 0 < ε z , and the material becomes an HMM. Thus, a significant increase of the decay rate of the NCs (including the increase of radiative decay) would be expected.
We note that we have regarded a passive metal-dielectric structure with dipole emitters embedded in it, whereas in [31] the structure is active, with quantum dots used both as a constituent portion of HMM and as an ensemble of luminescent probes. A similar approach has been applied to examine radiative decay of emitters in a photonic crystal [34] . The latter was examined in more detail than the emergent notion of HMM. Notably, when a probe position was scanned from the depth of the structure to its surface or even slightly (10 nm) above, the enhancement effect of a photonic crystal density of states on radiative lifetime was shown to persist steadily with smooth position dependence [35] . Given that multilayer HMMs act as photonic crystals for large-wavevector metamaterial modes [25], we expect that the considered homogenization is an adequate representation of the structure in [31] for the purpose of establishing the plausibility of the hypothesis regarding the HMM properties of the structures under consideration.
Enhancement of emission from nanocrystals
Having established that adding the spacer layer corresponds to the metal/HMM transition in the considered structures, we can estimate the related enhancement of spontaneous emission rate. Using the two-level model as a reasonable starting approximation for the QD response, believed to be sufficient to reveal the principal effects in the multilayer system under consideration like it is done in many previous cases (see, e.g., Chapter 5 in [36]), the QD emission rate can be approximated by the Purcell factor of a dipole emitter in close vicinity of an HMM [22]:
where ε c is the ambient refractive index,κ = κc/ω, f = cos θ and f ⊥ = sin θ describe the orientation of the emitting dipole, and R s,p are the Fresnel reflection coefficients of the structure for the two polarizations [22] . The cut-off exponential e −κ 2 d 2 q stems from the finite size of NCs d q [20] and replaces the "distance between HMM and dipole" cut-off discussed in [22] .
The Fresnel coefficients can be calculated using the transfer matrix method for multilayer structures with both finite [20, 21] Fig. 3(c) ], we see that the overall character of the band is preserved for finite N, and the spectrum for N = 5 qualitatively coincides with that for N = ∞.
To be able to compare the spontaneous emission enhancement of Eq. (4) with the luminescence enhancement in [31], one needs to distinguish between the radiative (enhancement) and non-radiative (quenching) Purcell factor. To do so, we have artificially negated all losses in the system; the resulting enhancement thus has to be purely radiative. Even though the action of an HMM on an emitter is very likely to result in coupling to large-wavevector modes that do not couple outside of the structure in the ideal case, making the luminescence enhancement hard to observe, the associated emission enhancement is still radiative from the physical point of view because modes in the metamaterial are external with respect to the emitter. Indeed, luminescence enhancement was reported to accompany the lifetime shortening of emitters placed close to multilayer HMMs [24] . Hence, the rate between b(d s = 0) and b(d s = 0) can be regared as an estimate of the luminescence enhancement factor due to the HMM character of the infinite-period NP-spacer-NC nanocomposite. Shown in Fig. 4 for two different orientations of the emitting dipole, it is seen that the enhancement grows as d s becomes larger, and then falls back towards unity as spacer layers become so thick that the high-κ band is suppressed. It can be seen that for d s < 10 nm, the enhancement is markedly stronger at shorter wavelength for one of the orientation of the emitting dipoles, explaining a slight blue shift of the luminescence peak in experiments [31] . It can also be seen that the enhancement is different for the different orientation of the emitter, confirming the observed anisotropy in photoluminescence spectra [31] .
The calculated values of the enhancement factor are between 1.5 and 2.0 ( Fig. 4) . For comparison with the theoretical modeling we recall the results of experimental studies of luminescence lifetime parameters for the multilayer structure and for its individual components. The lifetime for a sole quantum dot layer was measured to be 7.66 ± 0.24 ns. The lifetime of a single period of the structure, i.e. a quantum dot layer over a metal Au nanoparticles layer separated by a dielectric spacer was measured to be 5.31 ± 0.17 ns. The 5-period structure was found to feature 2.85 ± 0.11 ns [31]. Therefore one can see that the typical plasmonic enhancement of decay rate known for single-layered metal-dielectric (semiconductor) structures (see, e.g. [23, 36]) cannot be responsible for the lifetime modification observed for the 5-period structure. For the reasonable comparison with the modeling, experimental results for lifetime in the periodic structure should be compared with the reference data for a single dotspacer-metal period rather than with intrinsic lifetime of sole quantum dot layer. Comparing 2.85 versus 5.31 ns one arrives at 1.86-fold reduction in the lifetime and, accordingly 1.86-fold enhancement of the decay rate. This falls into the theoretically predicted values of decay rate enhancement, β = 1.5 . . . 2, presented in Fig. 4 .
One should also keep in mind that in all metal-dielectric structures, the radiative decay can be severely surpassed by enhanced non-radiative decay, thus resulting in luminescence quenching (rather than enhancement) in addition to lifetime shortening. To avoid such quenching, a luminescent probe should be separated from a metal body by about 5-6 nm as has been found and suggested in our previous works [23, 26] . In the structure under analysis, where QDs are separated by 5-layer polyelectrolyte spacers, we are therefore sure that non-radiative processes do not dominate. Therefore the observed enhancement in decay rate cannot be attributed to metal-induced quenching but would mainly result from the HMM effects.
Therefore, we can conclude that the observed 1.86-fold increase in the decay rate reasonably agrees with the theoretical modeling and cannot be attributed entirely to the plasmonic effect in a single layer; rather, it is the result of the fact that the multilayer structure acquires the properties of a hyperbolic medium. This conclusion is additionally supported by the growing anisotropy of emission in terms of more strongly polarized emission for a larger number of layers. This observation means again that the multilayer structure does gain additional features which do not reduce to simple sum of the properties inherent in a single period. We bear in mind the this semi-qualitative analysis is by no means exhaustive, and further experiments shall be performed to examine the complicated spatially-angular features of output luminescence owing to specific HMM modes. These experiments are planned with thicker structures since the approximately 400 nm thickness of the structure examined may not demonstrate HMM mode properties to their full extent.
On the other hand, we expect that an even greater agreement with the experimental results can be obtained by using a more refined model, which would take into account the positions of individual NCs within the structure [21] by generalizing it to account for finite-N structures. Another potential source of disagreements is the spoof character of SPPs in a highly corrugated NP monolayer compared to a smooth layer, potentially leading to a stronger field confinement and a more pronounced PDOS increase as a result. We believe that these two approximations are the strongest simplifications involved in the present model, and going beyond them is an interesting topic for further studies.
It also becomes clear that the HMM character of the structure, and hence the predicted photoluminescence enhancement, becomes stronger if the high-κ band (see Fig. 3 ) is more pronounced. Hence, we can use the presented theoretical findings to further optimize the composite design using this criterion. As mentioned above, we know that the high-κ band is wider for structures with thinner layers, so it can be expected that lowering m p from 3 to 1 would improve the response of the structure. It can also be seen that lower |ε z | brings the high-κ band towards the smaller κ, making it less susceptible to the NC size cut-off in Eq. (4). Figure 5 shows that indeed, lowering m q from 3 to 1 significantly increases both the width of the high-κ band and the magnitude of Im R inside it [cf. Figs. 3(b band much, although it does make it more pronounced at the higher-wavelength edge. This is because of the overall decrease of losses in the material due to the reduction of the overall content of CdTe. One can note, however, that many HMM characteristics were shown to be robust against the presence of ohmic losses in the metal [9, 22] .
Conclusions
We have demonstrated that nanocomposites consisting of layers of self-assembled colloidal semiconductor quantum dots arranged between layers of likewise assembled metal nanoparticles [ Fig. 1(c) ] can function as multilayer HMMs. Depending on the geometric parameters of the composite, such as the number of quantum dot and nanoparticle layers, as well as the thickness of the spacer layer between quantum dots and nanoparticles, the effective permittivity tensor of the entire nanocomposite may become indefinite (see Fig. 2 ). This leads to an increase in the photonic density of states, in turn resulting in strong enhancement and pronounced polarization anisotropy of quantum dot luminescence [24] . This offers an alternative explanation of the results of recent experiments [31] . At the same time, these results allow to see these experiments in new light, directly confirming that HMMs are capable of increasing the radiative decay rate of emission centers placed inside them, in the same way as the more recent demonstration by Kim et al in [24] . The proposed theoretical framework, looking at NP-spacer-NC nanocomposites from the point of view of HMMs, allows easy design of such composites with predetermined properties. For example, lowering the number of NP monolayers (m p ) is shown to significantly enhance all HMM-related properties by broadening and srengthening the large-wavevector band responsible for HMM properties. On the other hand, varying the number of NC layers (m q ) does not influence the HMM properties much, but can be used to vary the overall number of emitting centers inside the nanocomposite.
